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TECHNICAL NOTE 1581

APPROXTMATE RELATTONS AND CHARTS FOR LOW-SPEED
STABILITY DERTVATIVES OF SWEPT WINGS

By Thomes A. Toll and M. J. Qusljo
SUMMARY

A simplified theory has been used to derive approximate relations for
the low-speed stebllity derlvatives of swept wings. The analysis 1is made
only for wings without dihedral, but the effects of sweep angle, aspect
ratlo, center-of-gravity location, and, in most instances, taper ratio
are considered. Several of the relations consist of a correction factor
(to account for the effects of sweep) and the derivative for an unswept
wing having the seme aspect ratlo and taper ratio as the swept wing.
Methods of extending or of extrapolating known derivatives for unswept
wings to low aspect ratios are given in an appendix. In some instances,
as in the case of derivatives that exist only for swept wings, the simpli-
fied theory is used to determine the absolute magnitudes of the derivatives.

The approximate relations have been used to comstruct charts for the
stabillty derivatives of wings having a taper ratio of 1.0.

Calculated values for the derivatives are compared with experimental
values. The comparison indicates that the calculated values are failrly
relisble over a range of 1lift coefficient (starting from zero) that
decreases as the sweep angle increases. Large dlscrepancles between
calculated and experimental values are found for highly swept wings at
the high 1ift coefficients for which the flow 1s believed to be partially
geparated from the wing surfaces. Even a more rigorous method, if based
on potential-flow concepts, probably would not provide much improvement
in the range of 1ift coefflcient for which partial separation exists.

INTRODUCTION

Rigorous solutions for the low-speed characteristics of swept wings
are, at present, so cumbersome that a number of the stablillity derivatives
have not yet been investigated. Estimates of some of the derivatives
frequently have been made, however, by means of an approximate theory
such as that proposed by Betz (reference 1). Although results obtained
by such methods are rough approximations, the use of more precise
methods frequently is not Justified because of the amowmt of work involved
and because of certain basic limitations of even the most rigorous methods.
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The application of a simple theory 1s extremely convenient since
equations can be derived to indicate the effects of individual geometric
parameters, such as sweep or aspsct ratio. For the more rigorous methods
known, the effects of a single geometric parameter can be determined only
by making separate solutions for different plan forms in order to cover
an adequate range of values of the paremeter being investigated.

Some confusion has resulted 1ln the past hecause different interpreta-
tions have been given to the simple theory, and consequently, varyling
results have been obtained. In the present paper, equations for the
stabllity derivatlves of swept wings are derived from a particular appli-
catlon of simple sweep theory: The method used accounts approximately
for the effects of the lnduced angle of attack, which generally has been
neglected in previous applications of slmple sweep theory, but neglects
eny effects of sweep on the load distribution.

SYMBOLS

The symbols used in the analysis and in the presentation of the
results are defined hersin. All spans and chords are measured perpsndicu-
ler and parallel, respectively, to the plane of symmetry. Angles of
attack are measured in the plane of symmetry, unless specified differently.

p,q,r engular velocitles about X-, Y-, and Z-axes, respectively
(see fig. 1)

section 11ft coefficient (Airf°

11Ft coefficient [ EILE
HOV2

drag coefficient /Drag)
%‘pvas

1l section lift)
Lov2e
2P

CHE

Cy lateral-force coefficient Latejl:al f01‘0"0>
§pves
Cy pitching-moment coefficient ( Pltching moment
Lov2se )
Cy rolling-moment coefficient Rollinz'momsnt>
Lov2sD
CD.

yewing-moment coefficient (Xg.wimz moment)

%pvzsb

2
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Fy
Loves

component of resultant semispan load directed normel to plane
formed by veloclty vectors V emd V, (see fig. 2)

¥
primary force coefficient 2
ZoV2S

component of resultant semispan load directed parallel to
velocity vector Vi (see fig. 2)

primayry force coefficient (

£
section primary force coefficient 1
L2
aPVC
component of resultant section load directed normal to plane
formed by velocity vectors V' and V'

f
section primery force coefficient 2
o

component of resultant sectlion load directed parallel to
velocity vector Vn'

mass density, slugs per cubic foot

wing aresa

flight velocity

component of flight velocity normal to wing quarter-chord line
component of flight veloclty parallel to wing gquarter-chord line
local resultant veloclty at any spanwlse station

component of local resultant velocity normal to wing quarter-
chord line at any spanwlse station

wing span

wing chord

wing mean chord (b/A)

longitudinel distance rearward from coordinate origin (airplane
center of gravity) to wing querter-chord line at any spamwise
statlion ’

longitudinal distance rearward from wing aerodynamic center to
wing quarter-chord line at any spanwise station
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longitudinal distance rearward from coordinate origin (airplane
center of gravity) to wing aerodynsmic center

absolute value of spanwlse distance from plane of symmetry to
any station on wing quarter-chord line

effectlve lateral center-of-pressure location of resultant
load causing rolliing moment dus to sideslip

effectlve lateral center-of-pressure location of resultant
load causing rolling moment due to rolling

effectlve lateral center-of-pressure location of resultant
load causing yawing moment due to rolling

effective lateral center-of-pressure location of resultant
load causing rolling moment dus to yawing

effective lateral center-of-pressure location of resultant
load causing yawing moment due to yawlng

angle of sideslip, radians unless speclified differently

local angle of sldeslip; angle between plane of symmetry and
local air-streem dlrection at guarter-chord line of any
section, radians

angle of attack, radians unless specified differently

angle of attack, measured betwsen plane of wing and component
of velocity normal to wing quarter-chord line

incremental change in angle of attack, caused by rolling, at
any spanwise station

angle between Z-axis and vector representing primary force
coefficlent C; (or c1)

engle of sweep or skew of wing quarter-chord line, degrees
be
aspect ratio 5

taper ratio (Lip chord
Root chord

dihedral angle, radians
effective edge-velocity correction factor for 1lift

effective edge-velocity correction factor for rolling moment
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g; wing-tip helix angle
% lateral flight-path curvature
g_‘cf longitudinal f£light-path curveture
&g gection lift-curve slope for section normal to quarter-chord
line when placed 1n direction of free strsam
aC
‘e =%
aC
¢, = B—l
1B o]
Cy
%p = 3
. L%
D.B aﬁ
aCy
Cy_ =
je et
a(gv
Cy, = 7Bb
&)
o oCy,
n_ - b
D J ev)
¢, = %




6 NACA TN NWo. 1581
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3
Subscripts:
L left wing panel
R right wing panel
i induced
H=0° restricted to zero sweep

p=0° restricted to zero sideslip
o] profile

1,2,3 first, second, and third increments, respectively

ANATYSTS

Scope

Relations for the stabllity derivatives of swept wings are derived
from an approximate theory. The derivations are considered applicable to
a system of stability axes (see fig. 1), although certain approximations
have been made in representing the axis system. The equatlions obtained
are summarized in teble I. Several of the relations are in terms of the
derivatives for unswept wings with the same aspect ratlo and taper ratio
a8 the swept wings. It is essumed that the derivatives for unswept wings
can be obtalned by more exact theorlies or from experimental data. Since
mich of the aveilable theoretical information on the derivatives of
unswept wings 1is limited to aspect ratios greater than 6, methods of
extending or of extrapolating these derivatives to lower aspect ratios
are developed in an appendix. In some instances, rigorous methods are
developed for extending the derivatives to zero aspsct ratio. In most
cases, however, techniques based on extrapolations are used, and in these
cages values for the derivatives are given to an aspect ratio of 1.0.
The extrepolated values become less reliable, of course, as the aspect
ratio decreases.

The analysis applies only to wings without dihedral, but it includes
the effects of sweep, aspect ratio, center-of-gravity location, and, in
most instances, taper ratio. The method, however, is believed to become
less reliable as the taper ratio departs from unity. Charts, based on the
equations and values of the derivatives given in the appendix for unswept
wings, are presented in figures 3 to 15 for swept wings having a taper
ratio of 1.0. Some comperisons are made with experimental data.
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Bagic Concepts

The method conslsts of an application of strip theory with approxi-
mate conslderation given to the effects of aerodynamic induction.
Expresslons are derived for the magnitudes of the components of the
resultant force acting at a section of a wing under conditions of
straight £1light, sideslipping flight, rolling flight, yawing flight, and
pltching flight. Approximate equatlions for the stability derivatives of
constant-chord swopt wings are derived from the orientation and magnitudes
of the force components for a given flight condition. In the case of
derivatives which exist for both swept and unswept wings, the approximate
equations are used only for the determinmation of correction factors for
the effects of sweep; these correction factors may be applied to experi-
mental or rigorous theoretical values of the derivatives for unswept wings
and are considered to be reasonably reliable for wings having taper ratios
ag low as 0.5. The approximate theory Indicates that certain derivatives
exlst only for wings with sweep. Such derivatlves must be evaluated
directly by the approximate theory.

In order to account for induction effects, 1t 1s assumed that the
familiar expression (from lifting-line theory) for the induced angle of
attack of umswept elliptic wings

1s also applicable to swept wings and that the same expression mey be
used to determine the local induced angle at any sectlon provided the
local section lift coefficient, rather than the wing 1ift coefficient,
is substituted in equation (1). This procedure amounts to a reduction
in the two-dimensional 1ift load by a factor that remains constant along
a semlspan of the wing. Although the assumption regarding the local
induced angle of attack is known to be Ilnaccurate, the conslstent appli-
cation of this assumption to both swept and unswept wings is expected to
yleld reasonably relliable correction factors for the effects of swesp.
The effects of sweep on the dlstribution of loading are, of course,
neglected in the strip-theory treatment. The present method, therefore,
can be expected to account only for the geometric effects of sweep.

Certain limitations of the present simplified treatment have been
observed experimentally. For example, when the sweep angle 1s referred
to the wing quarter-chord line, the wing lift-curve slope is found to
decrease somewhat more rapidly with sweepforward than with sweepback,
particularly for highly tapered wings. Although such trends cannot be
predicted by the present method, they probably could be accounted for to
some extent 1f the sweep angle were referred to some wing reference line
other than the quarter-chord line. In the absence of sufficient experi-
mental data to permit the choice of a more sultable reference line,
however, the use of the quarter-chord line is retained for the present
analysis.
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Straight Flight

- The application of the method of analysis to the straight-flight
condition can be illustrated by comparing the two panels of a swept wing
to skewed wings with tips cut parallel to the air stream (fig. 2).
According to strip theory the load distribution in straight flight is
uniform across the span of a constant-chord wing and, therefore, the
total load on a panel can be considered to act at a single point (the
center of pressure of the panel).

The 1ift coefficient for an infinite wing skewed at an angle A 1s
glven by

cqy = a,naocoszA

where ap 1is the angle of attack measured between the velocity componemt
normal to the wing quarter-chord line and the wing surface, and ay 1s
the section lift-curve slope of the wing when placed normal to the alr
streem. From the assumptions of 1ifting-line theory, the 1lift coefficient
of a finite skewed wing is approximately

ai . o
CL = coc; A~ cos ID%COSEA (2)

where the angles o and a4 are measured in a vertical plane that
includes the vector representing the relative wind (the wing quarter-
chord line is assumed to lie in a horizontal plane with the wing at zero
angle of attack). The induced angle of attack aj for a skewed wing is
given approximately by equation (1) provided A 1is the aspect ratio
based on the wing span perpendlcular to the relative wind. Substlitition
of equation (1) in equation (2) gives

Cy, =( - -%)aocos A

a,cos A
Cr, = —————Aa,
1+ E——izs

which reduces to

or, by substituting 2n for &, in the denominator,

or, = Aascos A @ .

—A+2c:osA
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A panel of & swept wing at an angle of attack can be represented by

one-half of a skewed wing, provided the skewed wing is rotated through
an angle 6 (which depends on the angle of attack of the swept wing)
about an axis alined with the relative wind. (See fig. 2.) The lift
force, therefore, must also be rotated through the same angle, which is
glven by

6 =a tan A
A coefflcient representing the rotated lift-force vector for a single

panel of a swept wing will be designated as the primary force
coefficient C;, which has the magnitude

_1 Aagcos A
Cl 2 A +2cos A * (3)

and which is directed perpendicular to the plane formed by the velocity
vectors V eand V, (fig. 2).

For a skewed wing, the induced angle of attack measured in a vertical
Pplane that includes the vector representing the relative wind is given ly

equation (1). The induced angle in a plane normal to the guarter-chord
line, therefore, is

s
“ny A cos A

For a swept-wing panel, therefore, a second primary force coefficient Co

has the following magnitude:

02 ___ELE___ ()

B 2nA cos A

The force represented by this coefflcient has the same direction as the
component of the flow velocity normal to the guarter-chord line of the

wing.

Lift-curve slope.- For small angles of attack in straight Tlight,
the effect on the 1ift coefficient of the tilt of the vectors represent-
ing the primary force coefficlent C, can be neglected; therefors, the

total 1ift coefficient of a swept wing is simply

Cr, = 26y (5)

By substituting equation (3) in equation (5), the lift-curve slope
obtained from en adaptation of 1ifting-line theory is found to be given

by
Aaycos A

CLG A+ 2 cos A (6)
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Equation (6) is subject to the limitations of lifting-line theory
which become importent et low aspect ratios. A more reliable value
of CLa for swept wings may be obtalned 1f the simple theory is used to

derive a correction factor (to account for the effects of sweep) which
may be applied to values of CLcr, of unswept wings, as derived from

more precise methods. For unswept wings, equation (6) reduces to

() o "5 ez

s

which may be used in conjJunction with equation j6) to give

_ (A + 2)cos A
Ly = A + 2 cos A<CLG)AFOO (7)

where (CIq) is the lift-curve slope of an umswept wing with the
A

=00
same aspect r;%io and teper ratlio as the swept wing. Values of (CI.(D o
A=0
can be obtained from experiments or from an accurate theory such as that
of reference 2.
A+ 2

If the factor —————— 15 omitted from equation (7), the
A+2cos A o

following simple equation 1s obtained: e -

—

CI'u. = (CL"')A=OO cos A/ . (8)

This equation, which applies strictly only at infinite aspect ratlo, has
been used. to some extent in the past for finite aspect-ratio wings and
results from a particular interpretation of the simple theory for the
condition in which the effect of the induced angle is meglected.

Equation (7) can be derived to give the effects of sweeping fixed
wing panels, in which case A' 1s the aspect ratio of the unswept wing
and, at least for umtapered wings, is equal to A/cosaA. The altermate
equation is B

_ (A" + 2)cos A/, - 7
CLQ' A' + (CL“)A’,A=O°
cos A -

where (Cl'cx) is the lift-curve slope of the unswept wing from
AT A=Q°

vwhich the swept wing was derived and A' 1s the aspect ratio of the
unswept wing.
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A' +2
If the factor ——% — 1s neglected from the equation just
A' +

cos A
glven, another simple equation is obtalned, which arises from a second
Interpretation of the simple theory for the condition in which the effect
of the induced angle 1s neglected:

CLa = (Clu)A,fA=oo cos A - (9)

A comparison of the results calculated from equations (7), (8),
end (9) with the more precise theory developed by Mutterperl (reference 3)
is given in figure 3. Results obtained from equation (7) are in good
agreement with Mutterperl's results; whereas, equation (8) overestimates
the effects of sweep and equation (9) underestimates the effects of sweep.
At aspect ratios approaching zero, results obtained either by Mutterperl's

method or by equation (7) are in agreement with Jones' theory (reference L).

Induced drag.- The induced drag of a swept wing 1s, to the first
order,

CDi = 2Cpcos A (10)

Substituting the expression for C, (equation (4)) in equation (10)
gives, as a dlrect conseguence of the basic assumption that the Induced
angle of attack is given by equation (1), the following equation:

CL2

Cp; = T (11)
Equation (11) indicates that, to a first approximation, the induced drag
is independent of sweep. Some effects of sweep on the induced drag
would, of course, be expected because of changes in the load distribution
which are not considered in the present method. Theoretical results
presented in reference 3 for the induced drag of swept wings are in fair
agroement wlth equation (ll), and, therefore, some support is given to the
present assumption regarding the induced angle of attack.

Sideslipping Flight

For a constant-chord swept wing in sideslip, according to strip
theory the distribution of load is uniform over each panel, although the
magnitude of the load on the left pansl is different from that on the
right panel. As in the case of straight flight, therefore, the components
of the total load on each panel may be represented for convenience by
vectors located at the centers of pressure of the panels.
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The panel loads are altered by sideslip because of the effect of
sldeslip on the velocity components ncrmal to the quarter-chord lines of
the panels and on the angles of attack wilth rsspect to the normal-velocity
components. The component of veloclty normal to the quarter-chord line
of the left wing panel of a swept wing is altered due to sideslip by the

factor &zé.;_\%gl , and the angle of atback with respect to the normal

veloclity component is altered by the reciprocal of the same factor. The
1ift on a panel of an infinite-span swept wing i3 proportional to the
square of the normal component of veloclity and to the firat power of the
angle of attack. The increment of 1lift due to sideslip for the left
penel of an infinite-span wing, therefore, can be written as

cos(A + B) l]

ACZL = (07) B=O°[ cos A

Inasmuch as

(CZ)B=O° = aaycos A

and for small angles of sldeslip s8in BRX B and cos BX 1, the following
equation is obtained:

AOY,L = -Baaos{.n A

The primary-force-coefficient increment, resulting from sideslip,
for a finite-span wing can be written as

AClL = %‘(ACIL - Induced 1lift coefficien‘b)

The 1ift distribution resulting from sideslip is antisymmetrical
with respect to the pleans of symmetry end, therefore, the aspect ratilo
that determines the magnitude of the induced angle of attack is one-half
of the wing geomstric aspect ratio. The induced angle for the left wing
panel in planes perallel to the plane of symmetry can bs shown to be
given by the expression ’

b ACchos3A

d,i =
L A cos3(A + B)

Therefcre

L AC]_Lcos3A

8,co8 A-’

o0 =l[—a sin A -
o2 o :tAcosB(A+B) 1
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With the aid of the relation betwsen « and Cy, glven by equation (6),

C
AC]_ =___]_.|_A+2008A B tan A

L 2 A+ b cosA

The total value of the primary force coefficient for the left wing
penel for combined symmetrical and antisymmetrical loads 1s

Cr, A+ 2 cos A
C = =1 - = tan A 12
1q, 9( A+ hocosh (12)
end similarly for the right wing panel
Cr, A+ 2 cos A
ClR_?(l+A+hcosABmA (13)

For the purpose of obtaining expressions for derivatives with respect
to sideslip, in which case the antisymmetrical load is small relative to
the symmetrical load, the combined loed, in the determination of the induced
angle of attack, may be assumed to be symmetrical with respect to the
plane of symmetry. The induced angle of attack in a plane perpendicular
to the quarter-chord line of the left wing panel is

20y cos@A

(Li =
L 7 cos3(A + B)

The coefficient of the force directed parallel to the normal component
of veloclty on the left wing panel, therefore, is

2C 1L20052A

Co, = (14)
L A cos3(A + B)

and, on the right wing panel,
EC]_RecosgA

C. = (15)
2R 7 cos3(A - B)

Rolling moment.- An increment of rollling moment due to sideslip,
resulting from sweep, can be expressed as

g
acy = (Cyp - 01R> 5 (16)

~ -
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By combining equations (12) and (13) with equation (16), the
derlivative 1s as follows: -

-l
A, =_iyLBA+2cosAwnA
B 2 bfe A+ )k cos A _

y1,!
Approximate values of the center of pressure mﬁ are glven in the
appendix.

An edditional increment of rolling moment due to sideslip, which is
also proportional to the 1ift coefficient, is found to exist for unswept
wings. (See appendix.) The total value of the derivative therefore can
be expressed as

A, Ty
c - C B _ "B A +2cos A tan A (17)
g = L CL / pco0 b/2 A+hcosA 2

Lateral force.- The approximate theory indicates a lateral force due
to sideslip glven by the relation

Cy = (CeL - 02R>sin A - (clLeL - clReR) cos B (18)

where GL and 6p are the angles about an axis alined with the relative
wind through which the vectors ClL and C;_ &are rotated because of the
angle of attack and the angle of sideslip. %he angles 61 and QR are

o = sin A
L= " cos(A + B)

gin A

°r = @ cos(A - B)

These equations for 61 and 6g, equations (12) to (15), and the
relation between Cj and o as given by equation (6) with a, equal

to 2nt show that
2
c c Cr7ten A p 4 8 cos A
21, 2R mA cos A A+ 4 cos A

B

2, .2
c Cr7tan®A p 4 5 cos A
1791 - ClReR = A A+ hoos AP
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Substitition of these relations in equation (18) leads to

2 6 tan A sin A
CYB =CL” FAGE+ F cos A) (19)

Yawin&momenﬁ.- An increment of yawing moment due to sideslip,
resulting from sweep, can be expressed as

- - cos & , £ sin B
= <02L 2R> PR sin A) + <ClLeL + ClRGR> M

X
+ (clLeL - 0139193 (20)

By means of equations (12) and (13) and the expressions glven for 6r
and Or, 1t can be shown that

ta.n A
Cy76p + ClReR m (A + 2 cos A)
The incremental derlvative, resulting from sweep, for the yawing moment
due to sideslip, therefore is found from equation (20) to be

A 2 £ gin A
ACn=-02 ten cosA-é--—A— 6%{ A)

B L (A + % cos A) 2 8cos A

An additional 1ncrement of yawing moment dus to sid.eslip , which is
also proportional to CL , exists for unswept wings. (See appendix. )

The total value of the derivative, therefore, can be expressed as

SHAY

2
Cph =CL2 (—%ﬁ- - ten A cos A -A__4 +
B Cr= Jago TA(A + 4 cos A) 2 8cosa

Rolling Flight

The total load on a rolling wing is made up of a symmetrical load
resulting from angle of attack and an antisymmetrical load resulting from
rolling velocity. As in the case of sideslipping flight, the induced
engle of attack assoclated with the antlsymmetrical load is assumed to be
determined by the aspect ratio of a single wing panel; therefore, at any
spanwise section on the left wing panel the sectlon primary force
coefficlent 1s as follows:

2 Acy.
L
beqr =<‘m‘ - Daocoselx

cos A 1A cos

81’3 A) (21
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where |fal is the absolute value of the change in angle of attack,
caused by rolling, at any section. From this definition,

and, therefore,

e - Asgcos A y b
17, -’A , 2agcos A b/2 ov
7t

or, by substituting 2x for &, 1in the denominator,

Aa cos & y Db
Acq. = —
I, " A+ b cosA Dbfeov

The total value of the section primary force coefficient for combined
symmetrical and antisymmetrical loads at any sectlion on the left wing

panel is

o - m Aagcos A b (22)
1, =L " K+ k cos & b/2 oV
and., similarly, for the right wing panel
Ascos Ay pb
e (23)

cy, = Cp +
R CI' A +Y4 cos A P/22V

For the purpose of calculating values of the derivatives with respect

to roll, in which case the antisymmetrical load 1s small compared with
the symmetrical load, the induced angle of attack resulting fram combined
symmetrical and antisymmetrical loads can be assumed to be given by the
relation used to celculate the Induced angle resulting from a symmetrical
load. The magnitude of the induced angle, however, 1is determined by the
actval Joad on the panel. Therefors,

Cl 2
I
= — L
°2y, A cos A (24)
and 5 .

clR (25)

c —————————————
2R ~ wA cos A
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Rolling moment.- At low angles of attack the coefficient or rolling-
moment due to rolling can be expressed as
; [b/2
C, == cip - c1p\V 4y (26)
LEE-Y (L 1R)

After substitution in equation (26) of the values of cp. and ¢

given by equations (22) and (23), the strip-theory value of the derivative
of rolling moment due to rolling is found to be

As~CO8 A

Ch = - 1
Ly T 6A+ k4 cos A

P

which cen be rewritten in a form similar to that of equation (7); that
is,

(A + 4cos A 2
Czp A + 4 cos A( QA=OO (27

The equation for Czp actually should contain additional terms dependent

on the angle of attack and the center-of-gravity location. Such terms
generally are small, however, and are therefore neglected in the present
approximate treatment.

Lateral force.- The coefficient of lateral force due to rolling is
glven by .

CY = %(/OTD/Z [CQL - c2Ib sln A - <clL9L - clRGI»]dy (28)
where
o1 = (o:. - 33}5 %g)ta.n A
and

- J_PP
GR-(a+b/2V-ta.nA
From equations (22) to (25) and from the approximate relation between o
and C; as given by equation (6) for a, equal to 2w, it can be shown
that 7 ’
8 b
y D
Cor = Cn, = - =
8L " "R T T A 1 k cos A b/2 ov

Yy _pb A+ 3 cos A
b/2 2V A + k4 cos A

ClLeL - ClReR = -hCLtan A
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After substitubting these relations in equation (28) and performing the
integration, the derivative of lateral force due to rolling is

A + coa A
®rp = LT cos A A (29)

Yawing moment.- The coefflcient of yawing moment due to rolling 1s

b/2
_ng; [:611,+011)g§§g{)r¥+GzL-czRDGrcosA+xsin./9
- GlLeL - clRegx:I dy (30)
ce5o D

and, from equations (22) and (23),

where

1 * Cly = 2Cy,

After substituting the appropriate expressions for c1y, - Clg,
Cop, < Cogs ©17PL - C1fR, &nd X in equation (30), the derivative of
yawing moment due to rolling is found to be

'ba.nA tanaA
cp, & + 6(A + cos A) + 15

Cnp=-6 A+ﬂcosA

The approximate theory is then used to obtaln a correction factor for
the effects of sweep to be applied to the derivative for the unswept wing,
thus,

A+ L cos A tan A tan2A
Cn, = CLA_——+ucosA[l+6l+ A)’é 4 >j]< >A0 (31)

‘The value of CnP depends upon the center-of -gravity location

because of the existence of a lateral force due to rolling. When x 1is
zero, equation (31) becomes
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_ A+ L cos A\ tanen Cnlb
CnP—CLA+)-I-COSA [l+6< ) :l CL A—OO

Yawing Flight

An unsymmetrlcal spanwise distribution of load exists on a swept
wing in yawing flight because of the veloclty gradient along the span
and because of the varliation in direction of the air stream along the
span. The primary force coefficients obtained for the condition of
sldeslipping flight can be modified for application to the case of yawing
flight by letting B' be the angle between the plane of symmetry and
the local air-stream direction at the quarter chord of any section and
by accounting for the effect of the local velocity V' on the section
coefficients. The section primary force coefficients, therefore, become

CL€ _Ar2oesa, tan) <__ (32)
A+ 4 cosA

1y =
- A + 2 coshA cosA _._B>
“Ig CL( A+kcosh cosA 9( (33)
017 + At8GsA
c2L=:tAcosA A+4-c-° I\-BE A (Sh)
and c_l V)

cay = J:'; —=_{I- e

where B' and the velocity ratlos are related to the yawlng parameter 12—':3
by the equations

, _ T X y _1
BY =% 177§+Q>7§ 2)*‘81”\]

'V'!
L, .,z
v b/2 ov
and.
V'R J b

<|
—
!
o'
B
3
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Rolling moment.- The coefficient of the rolling moment due to yawing

is given by
b/2
1
o= oy W (36)
1 b2 0 11,
By means of eguations (32) and (33), 1t can be shown that
_ _ .rb A +2cos - _ D
°y, - %y = CLoy hS)LQ+2A+hcosAta‘nAb/2 b§2 2 Jtan A

and by substituting this value of ¢y - Clp in equetion (36), the
derivative of rolling moment due to yawing obtalned is

c, =0pft + A + 2 cos A /tan?h , % tan A
T 3 A+ hcosA \ .24 ¢ 24

or

0||N|

r A+ 4 cos A C1, /p=0°

_ 2 c
¢, =CL1+A+2008A<tan g_ j(lr . (37)

=

ILateral force.- The coefficient of lateral force due to yawing is
glven by

b/2
Cy = %fo [(C'aL - °2R>51n A - (cy,61 - "lReR>]dy (38)

o _qSnA
L™ cos(A + ")

and

_a sin A
R cos(A - B')

From equations (34) and (35);

A+ 8cos A
2L 2R A cos Aev 2_%_ tan A A+)-|-COSA[b/2 (ﬁ_ )t&nl\]



and from equations (32) and (33) and by use of the relation between Cp, and « as given by

equation (6) with &5 equal to 2n,

'EB.D.A

rb
clLQL - C1pfR = ——tm_E_A(A + 2 cos A)E

After subatituting these

1 n-l-m-nn'l -F‘n-nnn A T+

( - )
nY . __28in A z y -1
{C/ A+l|-cosAl:E7§+<W§ 2>ta.nzil

L
equation (38) and integrating, the derivetive of
havdne +anar ratd~a naow 7 N 4r'| 'Pr\“'nﬂ -I'-n 1-1::
JJ.GVJ.% LK:-EUJ- L AudAUO LLUCWL e ¢S &L LS

A b gln A
cos A " lEg A(A + 4% ocos A{{ (39)

Yawing moment .- Yawlng moment due to yawing results from the 1ift and lnduced
forces and from an unsymmetrical spenwise distribution of proflle drag. The increment
of yawing moment due to yawing resulting from the 1ift end induced forces la given by the

following egquation:

B R

From equations (32) end
to 2=,

s (3
with a, equal it

€138L + C1gfR =

3) and the relation between Cr,
can be shown that, tc a first approximation,

A+ x 8in A) - G:LLGL = ClRQR)I - G:LLBL + GJ.RGR>B'Y]5.Y ()-l-O)

rs A\

and o« a8 given by equation (6)

The strip-theory value of the derivative is found, after approprlate substlitutlions for the

gquantities CQL = Cops °lL9L

- CLRGR’ and ClLeL + clpfR 1o equation (40), to be

TQST *©oH NI VOVN

T2
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5 ¢

G % Jo /M cos A xtanA ta.n2A>

(n1>l_ omd |3 A+1I-COSA 2cosA

Cco8 2 )"A
poen [(af s, |

which can be written as

AC 21_1 Y cos A ,__A % ten A | tanA

(n1> A+bhcosA 2cosA\C A 1o
_ 9 cos A ta.nQA lP (Acnrll

A+ kcos A 12 00

The wing profile drag, which has been neglected in the previous
derivations given herein, may contribute an appreciable increment of
yawing moment due to yawing. An accurate indication of the effects of
profile drag on Cnr can be obtained only when the spanwise distribution
of profile drag is known. As an approximation, however, the profile
drag may be assumed constant over the wing surface, in which case the

Ja'e;
nr
quantity o >2 is & function only of the wing gecmetry. Such an
o
assumption was made in reference 5. Calculations based on the methods
glven in reference 5 have been made for wings of the type consldered in
the present analysis. The results are glven in figure 1h.

The total value of the yawing moment due to yawing is the sum of the
two increments that have been discussed. The complete equation for the
derivative therefore is

o -2 - 4 cos A xta.nA ta_112A>
ny - L 2\a + & cos A 2cos

_ 9 cos A [L()é tangA ta.nluq (mnl“)l + CDo (_ACC% , (1)

A+ b cos A 12 J Cr2  |A=o

As an approximation, the profile-drag coefficient may be assumed to be
glven by
Cr?

°o, =% " &
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Pitching Flight

Lift.- If the center of gravity of an alrplane does not coincide
with the aerodynamic center, an incremsnt of 1ift due to pitching arises
from the change 1n the angle of attack at the asrodynamic center. The
change in angle of attack is

gqc
N, =2 =
( )l 2

N
e

end the increment of 1ift is

(ACL)_']_ = (m)lCLa,
or
. g X

A second increment of 1ift duwe to piltching results from the
curvature of the streamlines elong the wing chord. The effect of
streamline curvature on the 1lift of a wing is very similar to the effects
of camber of a wing in straight flight. For an airfoil with circular
camber, zero 1ift 1s obtained when the relative wind is approximately
parallel to the tangent of the mean camber line at the three-quarter-
chord station. The effective change in angle of attack, therefore, is
the change in direction of flow between the one-half-chord station and
the three-quarter-chord station. The change in angle of attack is

C
(ta)y = %2_

For an infinite wing, the 1ift increment caused by curvature is simply
e, =19C g cos A L
( L)g 5 oV o) ( 3)

and acts at the midchord station. For a finite wing, however, the
increment of 1ift (ACr), caused by curvature induces a 1ift force
which acts at the quarter-chord station and 1s opposite in direction
from (ACL)Q- The magnitude of the third 1ift increment due to pitching

is given by

(&cL)4 = - %g%(aocos A= Crg) (Lk)

The resultant 1lift-force increment due to pitching is found by
adding equations (L42), (43), and (44). The resulting equation is

oy, (3 + Bper, (i5)
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Pitching moment.~ An increment of pitching moment due to pitching
results from the 1ift due to pitching which was considered in the
previous section. Thus

(Acm)l = '(ACL)]_

Qi
el 2]}

- (01)y (3 + §) - (aon);

which, by substitution of eguations (42) to (44), becomes

@Cmq)l = -CL(I.[2<§>2 + -;'-%] - %aocos A (46)

oC03 A

Oilbdr
COA_’I—'

A RO

or

A second increment of pitching moment due to plitching is a moment
about the aerodynamic center caused by a variation in angle of attack
along the 1lifting line of the wing. This increment 1s not associated
with a change in 1ift. For untapered wings the local difference between
the angle of attack at any spanwise station on the 1lifting line and the
engle of attack at the aerodynamic center is

(M)10001 = - £ 85 (v - P)ten A (47)

The incrementel wing pitching moment can be found by an integration of
the section pitching moments (about the wing aerodynamic center) along
the wing span. For untapered wings

b/2
(8m), = K § o /(: (80)1 0 0a1%" & (48)

where X 1s a correction factor for the effects of finlte aspect ratio
on the local section 1ift coefficlients. The expression for K cannot

be determined exactly. A comparison of the angle-of-attack distribution
for wings in pitching flight with the angle-of-attack distributions for
wings in straight and rolling flight, however, indicates that the induced
angle resulting from the pitching load should be approximately three
times as large as the inducsd angle for a wing in straight flight. Thus,

A cos A

Kyg —m™m
A+ 6 cos A
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Substitution of this approximation end of equation (47) in equation (48)
glves .

A cos A b/2 2
_ ._Acosh 2 qc2 (-b 2
(ACm)2 A+ 6 cosA SOV ¢ jL J ﬁ> ten® &y

which, on performing the integration and so%%ing for the derivative of
pltching moment due to pltching, becomes

3
_ .1 A’agcos A o
(Acm‘DQ- éT‘A+6cosAt&n./\ (+9)

The total value of the derivative of pitching moment due to pitching is
obtained by adding equation (46) and equation (49). Thus,

-2 - 3
1 x 1 1 Alagcos A
= <C l';.:g +"'—_']"_8-COSA" __—_—_tan%
Iﬂq Ia (D) 2 ¢ 8 0 2iA+6COSA'

Substitution of the expression for Cr, g&lven by equation (6), and

rearranging, leads to
N 1%
X X
A[Q(z,) *3 c] 1 A%tan®n
+

Cmq = 8,008 A A+ 2 cos A ok A + 6 cos A 8 (50)

Values of Cmq have been derived by Glauert (reference 6) for

rectangular unswept wings, and these values might be used as a basis for
a general equation that includes the derivative for the unswept wing as
has been done in several of the previous derivations. It is found,
however, upon setting &, equal to 2r, that equation (50) gives
values for Cmq for unswept wings that are very nearly the same as

those given by the more exact method of reference 6. There seoms to be
no advantage, therefore, in altering the form of equation (50).

DISCUSSION

The derived expressions for the stability derivatives of awspt wings
are summarized in tabls I. All those expressions (%quations for Cr,, CLB’

Czp, Cnp: C1,., and Cn¥> that have been related to the derivatives for

an unswept wing of the same aspsct ratio and tapsr ratio as the swept
wing are considered to be applicable to wings having taper ratios ranging
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at least from 1.0 to 0.5. For those expressions in which the simple
theory has been used to determine the absolute magnitudes of the
derivatives @mpations for Cng, CYg, CYp, CYr, Clgq, and Cmq), the deriva-
tions have been made specifically for a taper ratio of 1.0. In most
instances, howsver, moderate deviations from a taper ratio of 1.0 are
not likely to have any large effect on the values of the derivatives,

at least for low 1ift coefficlents.

The expressions included in table I have been used to derive charts
(figs. 4 to 15) that give values of the derivatives as functions of
sweep angle, aspect ratio, and center-of-gravity location for wings with
taper ratio of 1.0. Whenever a choice of the section lift-curve slope
could be made, a value of 5.67 (per radian) was assumed as in reference T.
The charts are presented primarily for illustrating the effects of the
most important variables. The eguations normally should be used when
making estimates for a specific wing, since, at least for the more
important derivatives, the taper ratio and section lift-curve slope may
then be conslidered in evaluating the derivatives.

The wing contribution to the derivatives CYB’ Cng, Cy,, and Cy,.,

which generally is neglected in the case of unswept wings, has boen
considered in the present analysis in order to indicate at least the order
of magnitude of the effects of sweep. The analysis indicates that these
derivatives are affected by sweep, but the effect probably is not
particularly important unless very large sweep angles are ussed.

Experimental data for the derivatives have been obtained for the
geries of untapered swept wings shown in figure 16. The tests were made
in the Langley stability tunnel by a procedure in which the alir stream 1s
made to roll or curve about a stationary model. Comparison of experi-
mental results and results calculated by the methods developed herein
are shown In figures 17 to 21.

The characteristics of the unswept wing were generally predicted
qulite accurately at all 1ift coefficients below the stall - probably
because no importent deviations from potentlal-flow characterlstics are
likely to occur wilth vnswept wings of moderate and high aspect ratio
until maximum 1ift is approached.

The epproximate theory generally indicates accurately the trends
resulting from the effects of sweep, at least over a range of 1lift
coefficient (starting from zero) that decreases as the sweep angle
" increases. T1n some instances, however, particularly for the deriva-
tives and Clr’ the theory appears to underestima@e the magni-

tudes of the effects of sweep. This underestimation probably results
largely from the fact that changes in the span-load distributions are
not accounted for in the present analytical method.

At high 1ift coefficients, poor agreement between experimental and
calculated derivatives frequently was obtalned for the swept wings. The
damping in roll, for example, increased considerably with 1ift coefficient
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for all the swept wings tested. This Increase cannot bs consildered to
be a characteristic trend for swept wings, however, since tests of highly
tapered swept wings have 1indicated marked rsductions in the damping in
roll as the 1ift coefficient increased. It shauld be noted that the
signs of the rather important derivatives Cn,P and Clr were reversed

in the high 1ift-coefficient range.

The large dlscrepancles betwsen calculated and experimental results
for highly swept wings at moderate and high 1ift coefficients undoubtedly
are caused by partial separation of flow which results in changes in the
distributions of 1ift and drag along the wing span. Increases in
Reynolds number (tests were made at Reynolds numbers ranging from 1,000,000
to 2,000,000) probably would delay the alterations in the flow conditione
Even at high Reynolds numbers, however, trends similar to those shown by
the experimental data probably would occur, although the breaks in the
curves may be delayed to higher 1ift coefficients.

The observations made in comparing experimental and calculated
derivatives indicate that the analytical assumptions normally mede for
wnswept wings throughout the lift-coefficient range are likely to be
inadequate for swept wings, particularly at moderate and high 1ift
coefficients. Although important simplificatlions were introduced in
developing the present analytical method, this simplifled method appears
to be Justified because even the most rigprous method, if based on
potential-flow concepts, can be expected to give reliable results only
over a limited lift-coefficient range. At high 1ift coefficients, a more
rigorous method probably would provide very little improvement over the
present method. Considerably more Information about the characteristics
of flow about swept wings at high 1ift coefficients is required before
a roliable method can be developed for evaluating the derivatives
throughout the 1ift-coefficient range.

CONCLUDING REMARKS

Approximate relations for the low-speed stebility derivatives of
swept wings are derived from a simplified theory. Comparison of values
of the derivatives obtained from the approximate relations with values
obtained by experiment indicates that the calculated values are fairly
reliable over a range of 1lift coefficient (starting from zero) that
decreases as the sweep angle increases. ILarge discrepancies between
calculated and experimental values ars found for highly swept wings at
the high 1ift coefficients for which the flow 1s believed to be partially
geparated from the wing surfaces. Even a more rigorous method, if
based on potential-flow concepts, probably would not provide much
improvement in the range of 1ift coefficlent for which partial separa-
tion exists. ‘

Lengley Memorial Aeronautical Laboratory
National Advisory Committee for Asronautics
Langley Field, Va., Januery 30, 1948
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APPENDIX
STABTT.ITY DERIVATIVES OF UNSWEPT WINGS

The determination of the stability derivatives of swept wings
according to the methods proposed in the present paper involves, in
several cases, application of approximate corrections for the effects of
sweep to values of the derivatives for unswept wings that have the same
aspect ratio and taper ratio as the swept wings. In the absence of
experimental data for the umswept wings, theoretical values must be
used. In meny Iinstances, aspect ratios below the range that has been
investigated by rigorous theoretical methods must be.considered. This
appendix presents methods of extending or of extrapolating the available
theoretical values of the stability derivatives of unswept wings to low
agpect ratios. TFor the various yawing-moment and rolling-moment deriva-
tives, effective lateral centers of pressure are calculated by equating
approximate relations for the derivatives to valuss of the derivatlves
that have been calculated by more rigorous methods. The curves obtailned
for the lateral centers of pressure are then extrapolated to low aspect
ratios, and the derivatives are then calculated by means of the approxi-
mate relations for the complete range of aspect ratio. This procedure
is conslidered to give more reliable results than could be obtalned by
extrapolating values of the derivatives themselves, since the lateral
centers of pressure normally veary only slightly with aspect ratio, whereas
the derivatives may vary considerably.

Lift-Curve Slope

An equation (given in reference 2) for the lift-curve slope is as
follows:

As,
CLC(. = —_—ao . (Al)
AEG + T

where Ee ~1s a correction factor that accounts for differences between
1ifting-1ine and lifting-surface theories. For the theoretical value
of a, (equal to 2=x), equation (Al) becomes

21
C = — AD
Lm AEe + 2 ( )

The edge-velocity correction factor Eg 1s glven in figure 16 of
reference 8 for aspect ratios from 2 to 16; therefore, the product AE,
may be calculated for the same range.
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The lift-curve slopes for wings having very low aspect ratios
(approaching zero) is, according to reference k4,

CLG, =3 (A3)

By equating relations (A2) and (A3), the product AEs is found to
approach 2.0 ag the aspect ratio approaches O. A curve of the prod-
uct AEg, therefors, can be constructed for aspect ratios from 0 to 16.

(8ee fig. 22.) These values for AEg cen be used in equation (Al)
to calculats values of CLQ throughout the aspect-ratio rangs.

Rolling Moment Due to Sideslip

A theoretical solution for the rolling moment due to sideslip has
been obtained by Weissinger (reference 9). In general, Welssinger's
results have been found to be in good agreement with experiment. Values

<.C1
of the quantity C_B> from reference 9 are presented in figure 23.
L o]

=0

The lateral center of pressure iL' assoclated with the

antisymmetrical load on a swept wing in sideslip cean be assumed, as a
Tirst approximation, to be equal to the lateral center of pressure of the
loed assocliated with dihedral for an unswept wing. The panels of an
unswept wing undergo an angle-of attack change, in sldeslip, given by

N =B tan T

From this relation, the rolling moment due to sideslip, per radian of
dihedral, cen be shown to be approximately

Aa, YL

TL'g
Values of /2 for wings having aspect ratios between 6 and 16 can be

C1
obtained by equating the expression Just given to the values of _B

given in figure 16 of reference 7. The results, extrapolated to an
aspect ratio of 1.0, are presented in figure 23.
*  Yawing Moment Due to Sideslip

An unsymmetrical induced-drag distribution, associlated with the
unsymnetrical 1ift distribution, exists on an unswept wing in sideslip.
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A yawing moment due to sideslip therefore results, which, according to
Hoerner (reference 10) , 1s given approximately by the relation

NC
1
<—5§ oo " T (ak)

Rolling Moment Due to Rolling

If the wing-penel loads of an unswept wing in roll are assumed to
be concentrated at the lateral centers of pressure, the rolling moment
due to rolling can be expressed as

i §
oy = (o1 - o) k2

where, by a development similar to that given in the section of the text
on the rolling moment due to rolling of swept wings,

e, <L _1_As0 TL'B b
.72 "2, , 2%/ 2V
b1

and

Cy, Aay,  L'p pb
A + 280 bf2 2V

2
T
The derivative of rolling moment due to rolling, therefore, is

_ -1 _Asg ﬁL'PQ
P 2A+2—:9u)/2

which, with the lifting-surface-theory correction factor Eg' of
reference 8, becomes

A ILp .
c, = -1 )
T 2, aa_oQ/Q (25)

b1

Cc + 1
2

C,
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For elliptic wings and a sectlion lift-curve slope of 2n, reference 8
glves

c. = - __ ™
IP )'"AEG"*')-I-

Y'L'
which is identical with equation (A5) when YA ~is equal to 0.5.

(46)

The rolling moment due to rolling of low-aspect-ratio triangular
wings at small angles of attack 1is, according to reference 5,

0, = - = (A7)

Equation (A7) 1s expected to apply, at small angles of attack, to low-
aspect-ratio wings of almost any plan form.

Equation (A6) is identical with equation (A7) provided that the
product AEg' 1s equal to 4.0. This value and values of Eg' given in
reference 8 for aspect ratios greater than 2.5 have been used to construct
the curve of the product AEg' given in figure 22. Values of the lateral

1,1
center of pressure £7§B were calculated for wings of aspect ratios

greater than 6.0 by setting equation (A5) equal to the 1lifting-surface
values of C; given in reference 8. These results, given in figure 2&,
P

were extended to the velue 0.5 which was previously found to satisfy
equation (A6) for aspect ratios approaching zero. Since both the lateral

y'I'l
center of pressure 5752 and the product AE,' have now been evaluated

for aspect ratios from 0 to 16, equation (A5) may be used to calculate CIP

throughout this aspect-ratio range. The results of calculations based
on a value of a, equal to 5.67 are presented in figure 2k.

Yawing Moment Due to Rolling
An equation for the yawing moment due to rolling of unswept wings,

derived from wing-panel primary force coefficients instead of section
primary force coefficients, is found to be

Cn i 2 -
?LE='32'AﬁE(g‘3> (48)
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This equation and values of Cnp glven In figure 9 of reference T were

used. to calculate values of -7P for wings having aspect ratios

between 6 and 16. The results , plotted in figure 25, were extrapolated
to an aspect ratio of 1.0. The extrapolated curves and equation (A8)

were used to calculate the values of (CC:?) presented in figure 25.
A=0°

Rolling Moment Dus to Yawing

The rolling moment due to yawing for unswept wings is found, by a
derivation based on wing—panel primary force coefficlents, to be

Ch’ Cr ) (49)
yL

Values of 17-2— were calculated for aspect ratios ranging from 6 to 16

by means of equation (A9) and the values of C;, &lven in figure 11 of

reference 7. The results, extrapolated to an aspect ratio of 1.0, are
presented in figure 26. The extrapolated curves and equation (A95 were

used to calculate the values of (C—L-E> given in figure 26.
A=0°

Yawing Moment Due to Yawing

The increment of yawing moment due to yawing of unswept wings,
resulting from 1ift and induced drag, is found by a derivation based on
wing-panel primary force coefficients to be given by the expression

?N 2
A ) = - E )
This equation and values of Cp . from figure 12 of reference_7 (as
IN
corrected by errate sheet) were used to calculate values of 1-)—/‘; for

aspect ratios from 6 to 16. Figure 27 presents values of —’LNE extrapo-

_ b/2
(.llmﬂr
lated to an aspect ratio of 1.0 and values of calculated
012 | p-00

from equation (Al0) and the extrapolated curves.
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